In this note, we construct a nontrivial counterexample for interpolation inequalities between Sobolev spaces and Morrey spaces.
Proof. By Poincaré inequality, for ρ > 0 and any y ∈ R d we have Bρ(y) |u − (u) Bρ(y) |dx ≤ Cρ
where the term (f ) Ω stands for the average value of f over the domain Ω. Let us define the operator M the Hardy-Littlewood maximal function in R d as:
|f |dy.
Taking the supremum both sides of (2) for all ρ > 0, this gives
One also has the related inequality between the Hardy-Littlewood maximal function M and the Sharp maximal function M # as:
where M # is defined in R d as follows
Refer to [2] , it is well known that there exists a constant C such that the following inequalities hold:
for any f ∈ L s (R d ) and s ∈ (1, ∞). It follows from (3), (4) and (5) that
and therefore, the proof is complete. Applying the interpolation inequality (1) and using Sobolev's inequality and Holder's inequality (see [1] ), we state the following result:
for any 1 ≤ q 1 < q, then
A natural question could be given here is that when r does not belong to interval
, the inequality (7) is still true or not. Roughly speaking,is it possible to enlarge this inequality on the interval of r? Let us give a small remark hereafter:
Remark If q 1 = q in Corollary , then (7) is still true for any r ∈ q, p q d + 1 . In this note, we give the proof that the inequality (7) does not hold for r < p q d + 1 , it is proposed in the following proposition, also the our main result in this note.
Moreover, for any r > 0 there holdŝ
In particular,ˆR
if and only if r ≥ p(1 + q d ).
It can notice that the symbol ∼ in Proposition represents the relation a ∼ b. It means that there exist some positive real constants C 1 , C 2 > 0 such that:
Moreover, choose a parameter θ ∈ (0, 10 −10d ) and n ≥ 100/θ. Then, for any fixed k ≥ 10/θ, set the sequence {a k,j } where
It is easy to check that for any 1 ≤ j ≤ 2 θ(k−1) − 3, one has a k,j ∈ (2 k−1 + 2, 2 k − 2). Let us set functions χ and σ as follows:
η (t − a k,j ) and σ n (t) = χ n (t) + χ n (−t).
Firstly, since sup(η(. − a k,j )) ∩ sup(η(. − a k ′ ,j ′ )) = ∅, ∀(k, j) = (k ′ , j ′ ), we then have that for any r > 0,
together withˆR |σ ′ n (t)| r dt ∼ 2 θn , ∀n ≥ 100.
For n > 100/θ, we define the following sequence of functions:
where θ = d(q−q 1 ) q ∈ (0, 10 −10d ) and α = d(q−q 1 ) dp−(d−p)q . We now prove that u n satisfies (8) and (9). Indeed, i. One can computê
For chosen θ and α from above, it is easy to get − pαd q + dα − pα + θ = 0, and by (11) and (12) one hasˆR d |∇u n | p ∼ 2 − pαdn q +dαn−pαn+θn = 1, ∀n > 100/θ.
which implies the first inequality of (8). ii. From the given u n and by changing variables we get that which implies the second inequality of (8). iii. On the other hand, for any r > 0, it gives the following estimatê which implies (9).
